Field perturbations in general relativity and infinite derivative gravity by Harmsen, Gerhard Erwin
  
 University of Groningen




IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.
Document Version
Publisher's PDF, also known as Version of record
Publication date:
2019
Link to publication in University of Groningen/UMCG research database
Citation for published version (APA):
Harmsen, G. E. (2019). Field perturbations in general relativity and infinite derivative gravity. [Groningen]:
University of Groningen. https://doi.org/10.33612/diss.99355803
Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).
Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.
Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the




Rotating black holes in IDG
In this chapter we begin with the Kerr metric from GR. This is so that we can famil-
iarise ourselves with the important differences between the non-rotating case and
the Kerr case. These will be crucial for guiding us towards finding the equivalent
rotating metric in IDG. For the IDG metric we will begin with the field equations
given in Eq. (5.12), and as we have done previously, we will check the potential
functions for the rotating metric and the curvature tensors of the rotating metric, to
ensure that they are indeed non-singular.
7.1 The Kerr metric

























where χ = cos θ is a transformation parameter used to convert the metric back into
standard Boyer-Lindquist coordinates, while m is the mass and J = am is the an-
gular momentum, with a being the rotation parameter. In non-rotating black holes
we have two regions of interest. Firstly we have the region of space outside of the
black hole, or outside of the event horizon. Secondly we have the region of space
inside the event horizon. This is the region of space where it is no longer possible
for particle to escape the gravitational pull of the black hole. This is due to the the
fact that at the event horizon, all lightlike paths point towards the centre of the black
hole. This means that the only path a particle can take is towards the centre of the
black hole. In the case of the rotating black hole, however, we have more than two
regions of interest, so we briefly discuss them here as they will help in our derivation
of the rotating metric in IDG and will allow us to perform a better comparison be-
tween the rotating black holes in IDG and GR. The first two regions we will briefly
look at are the event horizons, namely the inner and outer event horizons. They
are described by the equations r± = m±
√
m2 − a2, where r is the Boyer-Lindquist
radial coordinate, which transforms to the Cartesian coordinate system as follows
x =
√
r2 + a2 sin θ cos φ, y =
√
r2 + a2 sin θ sin φ and z = r cos θ. So this region of
space is topologically spherical, however, geometrically the region is elongated at
its equator, which is due to the rotational parameter a, see Ref. [114] for a more in
depth discussion.
Next we consider a new region called the ergosurfaces, given by the equation r±E =
m±√m2 − a2 cos2 θ. The area enclosed by the outer ergosphere and the outer event
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horizon is called the ergoregion. This is the region of space where an observer could
still move radial away from the black hole, but cannot remain at the same angular
location, since the effects of the frame dragging are too great and the observer is
dragged along with the rotating black hole.
Finally, we will look a the singularity contained within the black hole. Unlike the
non-rotating case this singularity is not a central singular region in the the black
hole, instead it is a thin ring with the location given as [107]
x2 + y2 = a2 and z = 0. (7.2)
Note that the ring is located perpendicularly to the rotation of the black hole. In
all the cases above it should be clear that as a → 0 we return to the case of the
Schwarzschild black hole, as the event horizon returns to a geometrically spherical
surface, and the ring singularity becomes the central point singularity. Finally, it
should be noted that in the above we infer the restriction a ≤ m, otherwise we have
none physical solutions to the locations of these important regions.
7.2 The linearised rotating metric in IDG
Before we show the general form of the metric we need to first determine what the
stress-tensor looks like. In the static cases of the stress-energy tensors we assumed
that the tensor was all zeros except the τ00, which had a Dirac delta function δ(r) so
that we had a singularity at the location r = 0. We keep this in mind for the case of
the rotating metric, but use the fact that the singularity is distributed about a ring
with radius a, and set the energy tensor components to be
τ00 = mδ(z)
δ(x2 + y2 − a2)
pi
, τ0i = τ00vi. (7.3)
Note that the factor pi in the denominator comes from the fact that δ(x, y) ≡ δ(x)δ(y) =
piδ(x2 + y2) [109], and vi is the tangential velocity whose magnitude can be ex-
pressed as v = ωa. Assuming that the rotation happens around the z-axis, we have
vx = −yω, vy = xω, vz = 0. Here ω is the angular velocity. Note that this choice
of the stresss-energy tensor, in analogy with the static case, is compatible with the
fact that in order for the Einstein equations and the Kerr metric to be defined in the
entire spacetime we need a non-vanishing stress-energy tensor at the ring. In fact, by
using the theory of distribution [115], it was rigorously shown that the stress-energy
tensor for a Kerr metric has a structure similar to the one we have written in Eq.
(7.3). For example, the (00)-component of the Einstein tensor in the case of the Kerr
metric is G00 ∼ mδ(z)δ(x2 + y2 − a2) [115]. A general linearised metric, which can
describe the spacetime in the presence of a rotating source can be written in isotropic
coordinates, as
ds2 = −(1+ 2Φ)dt2 + 2~h · d~xdt + (1− 2Ψ)d~x2, (7.4)
where h00 = −2Φ < 1, hij = −2Ψδij < 1 and h0i ≡ hi < 1 to ensure that we are in
the the weak-field and the slow rotation regime. Note that the metric components
depend on the isotropic radius, r, which should not be confused with the Boyer-
Lindquist radial coordinate used above. As before, we consider the 00-components
and the trace of the field equations given in Eq. (5.12), furthermore, we also consider
the 0x and the 0y-components of the stress energy tensor, so as to include the off
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− 2a() [∇2h− 2∂σ∂ρhσρ] = −κτ;
a() [∇h0x − ∂x∂σhσ0 ] = −κτ0x;
a()
[∇h0y − ∂y∂σhσ0 ] = −κτ0y.
(7.5)
In this case τ = −mδ(z) δ(x2+y2−a2)pi and h = 2(Φ− 3Ψ). Applying these relations and
simplifying we obtain the following:
e−∇
2/M2s∇2Φ(~r) = e−∇2/M2s∇2Ψ(~r) = 4Gmδ(z)δ(x2 + y2 − a2),
e−∇
2/M2s∇2h0x(~r) = −16Gmωyδ(z)δ(x2 + y2 − a2),
e−∇
2/M2s∇2h0y(~r) = 16Gmωxδ(z)δ(x2 + y2 − a2).
(7.6)
Note that we have used a() = e−∇2/M2s in the above. To solve the differential
equations in Eq. (7.6) we can go to the Fourier space and then anti-transform back
to coordinate space.
7.3 Smearing out the ring singularity at the linearised level
We begin by calculating the potential functions Φ and Ψ. To begin we first calculate
the Fourier transform of the ring singularity distribution as shown in Eq. (7.3):
F [δ(z)δ(x2 + y2 − a2)] =
∫
dxdydzδ(z)δ(x2 + y2 − a2)eikxxeikyyeikzz. (7.7)
It can be computed by performing the integral in cylindrical coordinates: x = ρcosϕ,
y = ρsinϕ, z = z. Our integrals then transforms as follows,










































where I0 is a modified Bessel function, which is also defined in terms of the Bessel
function I0(x) = J0(ix). We then transform back to space-time coordinates. From













where d3k = dkxdkydkz and k2 = k2x + k2y + k2z. In general it is not possible to solve
this integral, however, we can determine if the ring singularity is still present by
checking whether the potential functions diverge as they did in the case of the GR
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potentials. This simplifies the above integrals as we now restrict ourselves to the
case when z = 0, as this puts us in the plane in which the ring should be present.
Using cylindrical coordinates, that is kx = ζ cos φ, k = ζ sin φ and kz = kz, we can












































where J0 is the Bessel function and Erfc(x) is the complimentary error function [109].
Note that for large values of x the Erfc(x)function goes to zero, and as x → 0 the
Erfc(x) → 1 linearly. It is not possible to solve this integral analytically, however
numerically we can show that at the position x2 + y2 = a2 the potential does not
diverge, see Fig. 7.1. We can recover the GR limit of this potential function if we





dζ J0 (iaζ) J0 (iζρ) . (7.11)
A comparison between this potential and the potential for IDG is given in Fig. 7.1.
Notice also that the potential in the GR case diverges at the ring singularity as ex-
pected, whereas the potential for the IDG metric does not diverge, and its absolute
value remains less than one. This is what we have expected to be physically that is,
the IDG smears out a ring distribution very similarly to the case of a point source [49,
50, 112, 117]. We also note that the multipole expansion is a good approximation for
the potential function for ρ > a. In the figure above we can trust the linear approxi-
mation all the way up to ρ = 0, where to ensure that this is always the case we must



















In the case that Erf (Msa/2) < 1 we need that a > 2Gm in order to ensure that the
weak field approximation is always true. However, in the case that a < 2Gm, the




(radius of the ring < scale of nonlocality) . (7.13)
This suggests that ghost-free IDG can indeed avoid the ring-type singularity.
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FIGURE 7.1: In the above we have shown the comparison for the Φ
component in the GR case, shown in blue, the IDG case, shown in
orange and obtained by numerically integrating Eq. 7.25. Finally the
red dashed line represents the potential obtained by performing the
multipole expansion. In the above we have set G = 1, m = 0.5, a = 1
and Ms = 0.9. This figure is taken from [116].
7.3.1 Computing h0i components for a rotating ring
This is not the full solution, as up to now we have only calculated the potential
function for a static ring. In order to introduce the rotation we must include the h0i.
We proceed as before, in that we first perform a Fourier transform on the functions
h0i, and then transform back into coordinate space. In general these transforms can
be written as
F [j δ(z)δ(x2 + y2 − a2)] =
∫
dxdydz j δ(z)δ(x2 + y2 − a2)eikxxeikyyeikzz, (7.14)
where j = x, y depending on whether we are investigating h0y or h0x. As we have
done in Eq. (7.8), we perform the integration in cylindrical coordinates. For the h0x
component we have the following integration
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similarly for the h0y component where we obtain the following result









with I1 being the modified Bessel function. We now transform back into coordinate

































where j = x, y. Again, in general these integrals cannot be solved analytically, so as



























































For the case of h0y we obtain the result












x2 + y2 is the radial cylindrical coordinate in the plane z = 0. Since
θ = pi/2, we have x = ρcosϕ and y = ρsinϕ thus all the radial dependence and the
singularity structure are taken into account by the integrals. Next we can show that
the GR limit is obtained when we let Ms → ∞, since Erfc(ζ/Ms) goes to one, such





The integrals in Eq.(7.18), (7.19) and (7.20) cannot be solved analytically but, we can
numerically calculate them to show that there is no singularity in the IDG case. This
has been done in Fig. 7.2.
As we had in the case of the potential Φ and Ψ in the GR limit for the h0i compo-
nents we see that we have a singularity forming at the location ρ = a, however in
the case of IDG this does not occur, and the values remains finite. In fact in the case
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FIGURE 7.2: In this plot we have shown the results of the numeri-
cal computation for the integrals in Eq. (7.20) and the behaviour of
the same function in the case of the multipole expansion in Eq.(7.24).
The blue line corresponds to the behaviour of the function HGR, and
so of the cross-term in GR; the orange line to the behaviour of the
function HIDG, and so of the cross-term in IDG; while the dashed red
line represents the cross-term in the case of the multipole expansion.
For convenience we have chosen a = 1 and Ms = 1.5. We can notice
that the metric components h0i blow up in GR for ρ = a = 1, while
they are finite in IDG; moreover, the metric coming from the multi-
pole expansion is a very good approximation outside the source, i.e.
for ρ > a. This figure is taken from [116].
of IDG H remain finite everywhere, it is always less than 1, so we can trust our linear
approximation all the way up to ρ = 0. As in the case of the static metrics in the IDG
smears out the ring singularity. At the origin we note that the cross terms and the
metric approaches conformal-flatness as it becomes the solution of the static metric
[112].
In the IR regime, that is the case of ρ  a, we see that the rotational metric com-
ponents for both IDG and GR match very well. In fact at these large distances we


















To exactly recover the Lense-Thirring metric at large distances, we need to identify
J = ma2ω, which is nothing but the relation J = Iω, where I = ma2 is the mo-
ment of inertia of the delta-Dirac ring distribution. Note that the relation J = am
does not hold, but the angular momentum is related to the parameter a through the
momentum of inertia of the source.
82 Chapter 7. Rotating black holes in IDG
7.4 Rotating metric outside the source: multipole expansion
in IDG
We want to find a more general metric for the rotating metric in IDG, which is out-
side of the region of nonlocality and where we have not assumed the large distance
limit. In this limit the metric given in Eq. (7.4) is valid, the h00 and hii components
will be the same as those obtained in the static case. Though for the off diagonal

































xjx′j + · · · ;
(7.22)
which recovers the GR case in the large distance regime, Msr  2, as expected. This
expansion holds true for r > r′ ∼ a, which would be regions outside of the source.




























We can move from Cartesian to isotropic coordinates, so that the dϕdt component of
the metric will be given by:

















which in the regime Msr  2 recovers the GR result, as expected. Moreover, by
expressing J = Iω = ma2ω and imposing |h0i| ∼ GmM2sωa2 < 1, we notice that
the slow rotation regime means ω < 1/a, when we also require GmMs < 1 and
aMs < 1. Note that by recasting the cross-term in terms of the angular momentum
and imposing the linearised regime we obtain |h0i| ∼ GM2s J < 1, which also means;
J < (Mp/Ms)2. From the last inequality, since Ms ≤ Mp, the angular momentum J
may also exceed one in IDG. The linearised spacetime metric in Eq. (7.4) outside the







































From Fig. 7.1 and 7.2, it is clear that the metric constructed by using the multipole ex-
pansion is a very good approximation to describe the spacetime outside the source,
r > a; while in the regime Msr  2, we recover the GR predictions, indeed Eq.
(7.25) reduces to the Lense-Thirring metric [118] in Eq. (7.21). Thus, in the case of
ghost-free IDG, for a rotating source we have found a hierarchy of scales: the radius
of the source a, the Schwarzschild radius rsch = 2Gm and the scale of non-locality
rNL ∼ 2/Ms, which have to satisfy the following set of inequalities to preserve the
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linearity:
rNL ∼ 2Ms > rsch =
2m
M2p
> a . (7.26)
As long as the inequality in Eq. (7.26) holds, the spacetime metric is valid all the way
from r = ∞ up to r = 0, and it turns out to be free from any curvature singularity,
and also devoid of any horizons. Furthermore, since in our case, the h00 component
is always bounded below unity, there is no ergo-region, as first pointed out in [116].
As a brief conclusion to this chapter we have successfully obtained a metric that can
describe a rotating object in the theory of IDG by using the same technique as used
by Biswar et al. [50]. This being said the notable difference between our work and
that of Biswar et al., is that we have had to first determine the metric produced by a
delta ring singularity. We then determine that this metric is indeed non-singular at
all its points. Furthermore this metric (in the appropriate limit) matches that of the
GR metric, as shown in Fig. 7.1. Secondly, we have determined the metric as pro-
duced by a rotating delta-Dirac ring, and again shown that it satisfies the required
condition, as shown in Fig. 7.2. We have also shown that the linear limit of this
metric is correct, given that the conditions mMs < M2p and a < 2/Ms are met. Note
that this last condition means that the ring singularity must be contained within the
region of non-locality.

